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An incompressible fluid containing a large number of spherical particles per 

unit volume, is considered. The volume concentration of these particles c < 
1, and the volume of the particles themselves can change its value. 

Let the motion of the fluid be potential. Then the velocity of the particles u and the 
mass averaged velocity of the fluid v can both be found using the procedure described 

in [l] for the case of bubbles. In solving the dynamic problem we neglect the terms 
cw = c (u - v) from the equations and determine the quantity v , with the terms cw 
taken into account, from the kinematic relations formulated in [l, 21. In connection 
with problems in which the flows are not potential,it is expedient to obtain the impres- 
sion for the stress tensor of the medium in the potential approximation, in order to assess 

phenomenologically the inertial effects in the absence of potential. 

Let us consider the Cauchy-Lagrange integral averaged over the fluid volume 

-C$++ IVcIq’f+J=W) 

We can find the mean value of dQ, / dt using the procedures of differentiation described 

in [l] 
(1) 

Averaging ( VQ 1 s to within ~2 , it is sufficient to write 

I vo,2s I V(@) I 2 + 2v (CD> v (@ - VP>) (2) 

Taking into account the expression for the mean-mass velocity 

v = (VQ,)= v (@> + i/z CW (3) 

obtained in [l, 21 we find, using (1) and (2), the mean value of the Cauchy-Lagrange 
integral a (@,> 

~+~,v~~,,:!-~-CIDZ+(~--==i(tj (4) 

Differentiating (4) with respect to the coordinate and taking (3) into account, we can 

The above expression represents, in fact, the equation of motion of the fluid phase. To 
obtain the expression for the stress tensor, it is sufficient to reduce the above expression 
to the canonical form of the equations of motion of a continuum. This requires simple 

transformations to within the terms of order of the square of concentration, with the equa- 
tion of continuity for the disperse phase 

ac II 
at + div cu = 3c R 
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and the eyation ofaptio; of particles in an inhomogeneous flow [3] 

3 nRspb dt = 7 nn3;Tl,~ f %&!3p 
n’V idu R 2 

3 - 3 dt - 1-1 
W-36 ) 

both taken into account. Here R is the radius of the particles, pb their mean density 
and 6 = VU. The differentiation of v iscarried out,along the trajectory of a fluidpar- 

title and that of u , along the trajectory of the center of the particle. Finally, JZq. (5) 
assumes the form 

P(i -c)$ =P(i---c)g+F+tVP) 
i 

Pij = - <p) + 2 Pews hij - + pcwiwj, F = pbc (g - g) 
(6) 

The quantity F represents the forces acting on the fluid from the disperse particles,and 

P is the stress tensor. The pressure in the fluid is equal to -l/3 Pii = <p) - l/spcwa. 

The author of [4] showed the existence of the terms in Pij proportional to CWiWi, how- 
ever the expression for the tensor P obtained by him was different, The last term in the 

expression (6) for Pij was obtained earlier by R., 1. Nigmatulin with help of the cellular 
model. 

The influence of the viscous forces can be accounted for in an approximate manner 

by including them in the forces of phase interaction. 
The author of [2] derived the equations of motion of the bubbles under erroneous as- 

sumptions. His equations (4.2) and (4.3) are valid for a single bubble but fail, within the 
limits of accuracy used, for a multibubble medium; Indeed, averaging the discrete func- 

tion a@,,’ / at we obtain, according to [l], 

W’ 
-=: 

atcr -&Z&- CUi (Wi Tt 2Aijwj) (7) 

and using the formulas (2.9) and (2.21) of [l] we average the equation-for the change 
of the bubbles radii as follows: 

(8) 

Here the tensor A i j depends on the mi~ros~c~re of the medium [l]. The last term of 
(7) is not taken into account in [2]. Two last terms of (8) are absent from the equation 

(4.3) of [Z], nor do the analogous terms appear in (4.2). Thus, the dynamic equations of [2] 

cannot be used to derive the expression for the stress tensor of the fluid phase. In con- 
trast with [a], the authors of [I] derived the equations of motion of the bubbles neglect- 
ing the terms of the order of EW in all equations including the kinematic ones,since it 

would be incorrect to leave them in. Terms of the order of cw are taken into account 

only when computing the motion of the fluid phase. To include the terms of the order 

of cw and CwiWj in the equations of motion of the bubbles would necessitate the deter- 
mination of the tensor Aij depending on the relative distribution of the bubbles with 

respect to each other, and this can be obtained using e. g. methods of the kinetic theory. 

The authors thank R L Nigma~~n for assessments of the results. 
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